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Abstract 

Let H he a, Hopf algebra of dimension pq over an algebraically closed field of char- 
acteristic 0, where p < q are odd primes. Suppose that S is the antipode of H. If H is 
not semisimple, then = id^ and Tr(5^^) is an integer divisible by p^. In particular, 
if dimH = p^, we prove that H is isomorphic to a Taft algebra. We then complete the 
classification for the Hopf algebras of dimension p'^. 

1 Introduction 

Let p be a prime number and k an algebraically closed field of charactericstic 0. If if is a 
semisimple Hopf algebra of dimension p^, then H is isomorphic to a group algebra [|Mas96 



namely k[Zp2] or k[Zp x Zp]. For the Hopf algebras H of dimension p^, the only known 
non-semisimple Hopf algebras of dimension are the Taft algebras [[TafTlH (cf. |[Mon98 



5]). The question whether the Taft algebras are the only non-semisimple Hopf algebras of 
dimension is open. In fact, it is also a question suggested by Susan Montgomery in sev- 



eral international conferences. It was proved in [|AS98| , Theorem A] that if both H and H* 
have nontrivial group-like elements or the order of the antipode is 2p, then H is isomorphic 
to a Taft algebra provided dim if = p^. In this paper, we will give a complete answer to 
the question. More explicitly, we prove that for any non-semisimple Hopf algebra H over 
k of dimension p^, if is isomorphic to a Taft algebra. Hence, the Hopf algebras over k of 
dimension p"^ can be completely classified (Theorem 6.5). 

li p < q are odd primes, whether there is a non-semisimple Hopf algebra of dimension 
pq other than the Taft algebras is still in question. Nevertheless, we prove for any Hopf 
algebra of this type, the order of its antipode 5* divides Ap. Moreover, Tr(S'^^) is an integer 
divisible by p"^ (Theorem 6.4). The uniqueness of Taft algebras is a consequence of this result. 



The article is organized as follows: In section ^ we recall some notation, general the- 
orems and some useful statements. In section |^, we introduce the notion of the index of 
a Hopf algebra and we compute the index of the Taft algebras. In section ^, we consider 
the common eigenspaces of S"^ and r{g) where S and r{g) are the antipode and the right 
multiplication by the distinguished group-like element g of the Hopf algebra H. We derive 
some arithmetic properties of the dimensions of these eigenspaces for the Hopf algebras of 
odd index. We further exploit the arithmetic properties of these numbers for Hopf algebras 
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of odd prime index in section ^ Finally, we prove our main theorems in section ^. 



2 Notation and Preliminaries 

Throughout this paper k is an algebraically closed field of characteristic and if is a finite- 
dimensional Hopf algebra over k with antipode S. Its comultiplication and counit are, 
respectively, denoted by A and e. We will use Sweedler's notation [ [Swc69|j : 

A non-zero element a & H is called group-like if A(a) = a ® a. For the details of elementary 
aspects for finite-dimensional Hopf algebras, readers are referred to the references ||Swe69| 



and Mon93 



The set of all group-like elements G{H) of if is a linearly independent set and forms a 
group under the multiplication of H. The divisibility of dim if by |G(if)| is an immediate 
consequence of the following generalization of Lagrange's theorem, due to Nichols and Zoeller: 



Theorem 2.1 |[NZ89|| If B is a Hopf subalgebra of H , then H is a free B -module. In 



particular, dimB divides dim if . 

The order of the antipode is of fundamental importance to the semisimplicity of if. We 
recall some important results on the antipode S of finite-dimensional Hopf algebras if. 



Theorem 2.2 | [LK87| , [LK88[ Let H he a finite dimensional Hopf algebra over a field of 



characteristic 0. Then the following are equivalent: 

(i) if is semisimple. 

(ii) if* is semisimple. 

(iii) Tr(52) ^ . 

(iv) = idn ■ 



Let A be a non-zero right integral of if and let A be a non-zero left integral of ff *. There 
is an a G Alg(if , fc) = G{H*), independent of the choice of A, such that Aa = a{a)A for 
a ^ H. Likewise, there is a group-like element g E H, independent of the choice of A, such 
that PX = P{g)X for /? G if*. We call g the distinguished group-like element of if and a the 
distinguished group-like element of if*. Then we have a formula for S'^ in terms of a and 



g ||Rad76|| : 



S\h) = g{a ^ h ^ a-^)g-^ foraGfT, (2.2.1) 
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where ^ and ^ denote the natural actions Hopf algebra H* on H described by 

/3 ^ a = ^ a(i)/3(a(2)) and a ^ /5 = ^ /5(a(i))a.(2) 

for (3 G H* and a & H. If A and A are normalized, there are formulae for the trace of any 
linear endomorphism on H. 



Theorem 2.3 ||Rad94| , Theorem 2] Suppose that A(A) = 1. Then for any f G Endk{H), 

Tr(/) = 5^A(5(A(2))/(A(i))) 
= 5^A(So/(A(2))A(i)) 

= J]A(/oS(A(2))A(y) . 

We shall also need the following lemma of linear algebra: 
Lemma 2.4 |[AS98| , Lemma 2.6] Let T be an operator on a finite dimensional vector space 



V over k. Let p be an odd prime and let u E k be a primitive pth root of unity. 

(i) If Ty{T) = and = idy, then dim^ is constant where Vi is eigenspace of T 
associated with the eigenvalue uj^ . In particular, p\ diml^. 

(ii) IfTiiT) = and T^p = idy, then 

Tt{TP) = pd 

for some integer d. 

3 Index of a Hopf algebra 

The distinguished group-like element g defines a coalgebra automorphism r{g) on H as 
follows: 

r{g){a) = ag for a^H. 
Since 5*^ is an algebra automorphism on H, 

5-2 o r{g) = r{g) o S'^ . 

Moreover, both and r{g) are of finite order. Therefore, 5*^ and r{g) generate a finite 
abelian subgroup of Autfc(if). We will simply call the exponent of the subgroup generated 
by and r{g) the index of H. It is easy to see that the index of H is also the smallest 
positive integer n such that 

S^"" = idn and = 1 . 

Obviously, o{g) \ n and o(S'^) | ra, where o{g) and o(5"^) are the orders of g and S'^ respectively. 
By equation ( ^.2.1| ), 

n \ \cm{o{g) , o{a)) . (3.3.1) 
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Example 3.1 

(i) If both H and H* are unimodular, then = idn by (|2.2.1|) . Therefore, the index of 
if is 1. In particular, if H is semisimple, the index of is 1. 

(ii) Let ^ E k he a. nth root of unity. The Taft algebra |P?af71|| T(^) over k is generated by 
X and a, as a /c- algebra, subject to the relations 

a" = 1, ax = ^xa, = . 

The Hopf algebra structure is given by 

A(a) = a ® a, S{a) = a~^, e{a) = 1, 
A{x) = x®a + l®x, S{x) = —xa~^, e{x) = . 

It is known that {x*a-^ |0 < i,j < n — 1} forms a basis for T(^). In particular, 
dimT(^) = n"^. The linear functional A, defined by 

A(x*a^) = 5i,„_i(5j-o 

is a right integral for T{^). One can easily see that a is the distinguished group-like 
element of T(^). Moreover, S"'(x) = ^"^x and 5"^(a) = a. Therefore, the order of S"^ is 
g^^"^ ■ Since the order of a is n, the index of T(^) is n. 

Remark 3.2 

(i) If the index of the Hopf algebra H is greater than 1, then H is not semisimple by 
example |3?T|(i). 



(ii) If dim H is odd, it follows from theorem that the order of the distinguished group- 
like element g of H and the order of the distinguished group-like element a of H* are 
both odd. Hence, by the formula ( p. 2.1 ), the order of S'^ is also odd. Therefore, the 
index of H is odd. 



4 Eigenspace decompositions for Hopf algebras of odd 
index 

In this section, we will only consider those Hopf algebras H of odd index n. Since r{g)^ = 
5"^" = idn, and 5*^ and r{g) are commuting operators on H, r{g) and 5*^ are simultaneously 
diagonalizable. Let G be a primitive nth root of unity. Then any eigenvalue of S"^ is of 
the form (— 1)*^^;* and the eigenvalues of r{g) are of the form uj^ . Define 

Ha,i,j = {u e H \ S'^(n) = {-lyuj'u , ug = uj^u} for any (a, i,j) G Z2 x Z„ x Z„ . 

We will simply write /C„ for the group Z2 x Z„ x Z„ and write H'^^ ^ .-^ for -ff^j^j for convenience. 
We then have the decomposition 

H=Qh:. (4.4.1) 

ae/C„ 
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Note that H"^ is not necessarily non-trivial. 

Since the distinguished group-like element a of H* is an algebra map and = 1, we 
have a{g)"' = 1. Hence, a{g) is a nth root of unity, and so a{g) = for some integer x. 
Using the eigenspace decomposition of H in ( [4.4.1| ), the diagonalization of the left integral 
of H admits an interesting form. 

Lemma 4.1 Let H be a Hopf algebra over the field k of odd index n. Let g and a be the 
distinguished group-like elements of H and H* , respectively. Suppose that A is a left integral 
for H . Then 

A(A)G 

where x = (0, — x, x) and a{g) = uj^ . 
Proof. Note that 

H®H= H^®H^. 

a,be/C„ 

In particular, we can write 

A(A)= {^u^®vC) 

a.bGCn 

where Y^u^® vy, e H"^ ® H^. By ||Rad94| , Proposition 3(d)], 

S\A) =a{g-^)A = u}-''A. 
Since S"^ is a coalgebra automorphism on if, we have 



A(A) = ^ Ua,iJ ® Vb,s,t^ 

{a,i,j),{b,s,t)e!C„ 

^ uj^'S^ ® Ua,ij ® Vb,s,?j (4.4.2) 



{a,i,j),(b,s,t)€Kn 

Since g is group-like and Ag = a{g)A = uj^A, we have 

A(A) = Y (Yua,i,j ®Vb,s,t^ 

= Y ^~''^i9)®r{g) (^Ua,ij®Vb,s,t) (4.4.3) 

{a,i,j),{b,s,t)elC„ 



{a,i,j),{b,s,t)GK„ 

Thus, if 'Yua,i,j (8> Vb,s,t 7^ 0, by equations (|4.4.2|) and (^A^), 



5 



or equivalently, 

(6,s,t) = (a, -z, -j) + (0, = -{a,i,j) +x. 

Thus, 

A(A) = J2 ■ 



In the sequel, we will call the expression in equation ( [4.4.4|) the normal form of A (A) 
associated with u. We will simply write -Ua ® "^-a+x for the sum X] "^a ® "^-a+x in the normal 
form of A (A). 

The eigenspace decomposition H = 0aGAC„ -^a is associated with a unique family of 
projections (a G /Cn) from H onto iJ^ such that 

1. E^oE^ = OfoT SLy^h and 

2. EaGx:„ ^a = ^rf// ■ 

In particular, dimi^a = Tr(£'a) for all a G /C„. By Lemma 



A(A)= 5^ (E-®E-a+x)A(A) 



aG/Cj7 



and hence (i?a ® -E'-a+x) ^(A) is identical to Xl'^a ® "W-a+x in the normal form ([4.4.4| ) of 
A (A). Using the trace formula |[Rad90 , Theorem 1], we obtained the following Lemma: 



Lemma 4.2 Let H be a Hopf algebra over the field k of odd index n and let uj & k be a 
primitive nth root of unity. Suppose that A is a left integral for H and that X be a right 
integral for H* such that A(A) = 1. Then 

dimif^ = A(S(t;_a+x)Ma) (4.4.5) 

for all a G ICn, where X^aex;^ "^a ® "^-a+x is the normal form o/ A(A) associated with uo. 

Proof. Using the normal form of A (A) associated with uj and |[Rad90| , Theorem 1], for any 
b G /C„, 



dimif^ = Tr(E^) = ^ A(5(t;_a+x)i^;iiK)) 

—a+x ) 



a£lCn 
ae/Cn 

A (S'(t;_b+x)Mb) • 



The family of elements 5'(f_a+x)^a appearing in ( |4.4.5| ) are in Hq^q. Moreover, if H is 
non-semisimple, they satisfy a system of equations. 
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Lemma 4.3 Let H be a non-semisimple Hopf algebra over the field k of odd index n and 
let uo E k be a primitive nth root of unity. Then 

J2 i-iyuj-' dim H^^,^j = for j G Z„ . 

(a,i)eZ2XZ,i 

Proof. Let A be a left integral for H and let A be a right integral for H* such that A (A) = 1. 
If H is not semisimple, by [[Rad94| , Theorem 4], 



Hence for any integer e, 
Let 



5^5='(A2)Ai = 0. 



= S^{v^a+x)ua for all a G /Cn 
where ^^Gic^ ® "^^-a+x is the normal form of A (A) associated with uj. Then 

= J2s'iA2)Aig' 

{a,i,j)£lCn 

jeZn {a,i)GZ2XZ„ 

for e = 0, . . . , n — 1. Since 1,0;,..., cj""^ are distinct elements in k, the Vandermonde matrix 

... 1 



1 1 

1 LU 
1 U 



UJ 



n-1 



n-1 



LU 



(n-l)2 



is invertible. Therefore, 



(a,i)eZ2XZ„ 



(4.4.6) 



for j G Z„. Notice that 



a,—i—x,—j+x J ■ 

Therefore, h'^^j = {-iyLJ''~''S{v^a-i-x,j+x)ua,i,j for any (a,z,j) G /C„. Then equation 







( [4.4.61) becomes 

—a,—i~x,j+x)t^a,i,j 
{a,i)eZ2XZ„ 

for j G Z„. Applying A to the equation, we have 

{-l^UJ-'X {S{V-a,-i-x,j+x)Ua,i,j) = 

{a,i)GZ2XZ„ 



for all j G Z„. Then, the result follows from Lemma E]2 
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Lemma 4.4 Let H be a non-semisimple unimodular Hopf algebra over the field k of odd 
index n. Let uo & k be a primitive nth root of unity. Then 



il-2i 







forle Z„. 



Proof. Let a and g be the distinguished group-hke elements of H* and H, respectively. Since 
H is unimodular, a = e and hence a{g) = 1 = a;'^. Let A be a left integral for H and let A 
be a right integral for H* such that A (A) = L It follows from Lemma [4.1| that the normal 
form of A (A) associated with u is 



a€/Cn 



Since H is not semisimple, 



Thus, we have 



= £(A)l = ^Ai5(A2) 



= ^ u^S{v_^) . 

Note that, by equation ( p. 2.11) and the unimodularity of H, 

g^a = S'%a)g^ 

for any integer e and a & H. Let kg, = Wa5'(f-a) for a G /C„. Then, 

9 ^a,i,j = 9 '^a,i,jS{Va,-i-j) 

By multiplying g'^ on the left in equation ( [4.4.8| ), we have 

{a,i,j)€Kn ^GZ„ {a,i)GZ2XZ„ 

By the same argument used in the proof of Lemma |4.3| , 

ha,i,l~2i = 

(a,i)eZ2XZ„ 

for / G Z„. Notice that, by ||Kad94| , Theorem 3(a)], 

Kha,i,j) = HUa,ijS{Va-i-j)) 

= (-1)'^^-A(5(t;.,_,_,)«a«) . 



(4.4.7) 



(4.4.8) 



(4.4.9) 



(4.4.10) 



(4.4.11) 



(4.4.12) 
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By Lemma O and equation (^4.4.7|) , 

A(7^,,,,) = (-iru;-Mimi7-,^^.. 



Hence, we have 



= Yl Kha,^,l-2^) = (-l)'^O.-^ dim i/^Vs. 

(a,i)GZ2XZ„ ieZn 



for / e Z„. 



5 Arithmetic properties of Hopf algebras with odd prime 
index 

In this section, we will study the arithmetic properties for the Hopf algebras of odd prime 
index p. Let u & k he a primitive pth root of unity. The Taft algebra T{uj) [ [laf71 | is then a 



Hopf algebra of this type by example |3.1| (ii). The quantum double of T{iu) is a unimodular 
Hopf algebra of index p (cf. |[KR93|| ) . 



Lemma 5.1 Let H be a Hopf algebra of index p. Then, for each j G Zp, there exists an 
integer dj such that 

dimH^i - - dimH'^ - j = dj . 

for any z G Zp. 



Proof. By Lemma |4.3| , we have 

5^a;-(dimif-^^.-dimi/-,,^.)=0 

for any j G Zp. In particular, uj~^ is a root of the integral polynomial 

p-i 

f,ix) = J](dimi7-.,, - dimi/-,^.) x' . 

i=0 

Hence, fj{x) = dj^p{x) for some dj G Q, where $p(x) = 1 + x H — ■ + x^~^ is the irreducible 
polynomial of over Q. Therefore, 

dim Hq i j — dim H'^^i j = dj . 

Since dim H^ ^ j — dim if J^^^ is an integer, and so is dj. ■ 

Lemma 5.2 Let H be a Hopf algebra of index p, where p is an odd prime. If H* is not 
unimodular, then p \ dim H and 

E,. dimii 

(a,«)eZ2xZp 
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Proof. Since H* is not unimodular, g ^ 1. Then, Tr(r((yf)) = (cf. [ LR95| , Proposition 
2.4(d)]. Moreover, r{g)P = idn- Hence, by Lemma |2.4| , p\ dimH and the eigenspace of r{g) 
associated with the eigenvalue is of dimension '^"^'^ for any j G Zp. Note that 



e 



(a,i)GZ2XZp 

is the eigenspace of r{g) associated with . Therefore, 



dim H 

P 



dim I 

(a,i)6Z2XZp 



TTU) 

a,i,j 



E 



dimi^: 



(a,i)GZ2 xZp 



Lemma 5.3 Let H be a Hopf algebra of index p. If H* is not unimodular and H is uni- 
modular, then : 

(i) There is an integer d such that 

d\mHQ ^ ,j — dim iJJ^j^j- = d for any i,j G Zp . 

(ii) Tt{S^p) = p'^d . 

Proof, (i) By Lemma [4.4| , for any / G Zp, 

ieZp 

Since uj~^ is also a primitive pth root of unity in k, there exists an integer q such that 

d^^H^,i,i-2t - dimifi";,_;_2i = ci (5.5.1) 



for i E Zp. By Lemma |5.1| , for any z, / G Zp, 

Q = dimi/o^, - dimHl^ i_,^ = di.^i ■ (5.5.2) 

Since 2 and p are relative prime, 1,1 — 2, ... ,1 — 2{p — 1) is a complete set of representatives 
of Zp. Therefore, 

dj = Ci = d for any j, / G Zp . 

(ii) Since p is odd. 



Tr(^2p) _ ^ dimi7o%- -dimi/i^, 



jjGZp 



p'd. 
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6 Hopf algebras of dimension pq 



In this section, we will consider the Hopf algebras H of dimension pq where both p < q are 
odd primes. In particular, we prove that if H is not semisimple and dim if = p^, then H is 
isomorphic to a Taft algebra. By [[Mas96| , Theorem 2] , any Hopf algebra over k of dimension 



p is either a group algebra or a Taft algebra. We begin the section with the following lemma. 

Lemma 6.1 Let p,q be two distinct prime numbers. Then there is no Hopf algebra H of 
dimension pq such that \G{H) \ = p and \G{H*)\ = q. 

Proof. Suppose there is a Hopf algebra H of dimension pq such that \G{H)\ = p and 
\G{H*) \ = q. Let g G G{H) and a e G{H*) such that o{g) = p and o{a) = q. Then, 

a{gY = a{gn = «(1) = 1 

and 

l=eig)=a^ig)=aigy. 

Therefore, o{a{g)) = 1 and so a{g) = 1. Since k[G{H*)] is a Hopf subalgebra of H*, 
k[G{H*)]-^ is a Hopf ideal of H. Let be the augmentation ideal of k[G{H)]. Then 
B+H ={g- l)H and 

a\{g -l)h) = {a{gY -l)d{h) = Q for heH.ieZ. 

Therefore, 

B+H(Zk\G{H*)]^ . 
It follows from |pch92| . Theorem 2.4 (2a)] that dim H/B~^H = q. Thus, 

dim B+H = pq-q = k[G{H*)]^ 

and hence, 

B+H = k[G{H*)]^. 

Therefore, H/B^H is isomorphic to k[G{H*)]* as Hopf algebras. In particular, H/B^H 
is semisimple. Let A be a non-zero left integral of H and A' a non-zero right integral of 
k[G{H)]. Since chark = 0, e{A') ^ and hence, A'A = e{A')A ^ 0. Therefore, A ^ B+H 
and so A + B^H is a non-zero left integral in H/B^H. Since H/B^H is semisimple, s{A) = 
£:(A + B^H) 7^ 0. Hence, H is semisimple. By | EG98|| , H is trivial and so \G{H)\ = pq, a 
contradiction. ■ 

Proposition 6.2 Let H be a non- semisimple Hopf algebra of dimension pq where p < q are 
odd primes. Then 

(i) the order of S'^ is p and 

(ii) H is of index p. 
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Proof, (i) Since H is not semisimple and dimiJ is odd, by |[LR95 , Theorem 2.1] or [ AS98 



Lema 2.5], S'^ idfj and H, H* cannot both be unimodular. Let g be the distinguished 
group-hke element of H and let a the distinguished group-like element of H*. Then, o{a) < 
pq and o{g) < pq, for otherwise, H is isomorphic to a group algebra which is semisimple. By 
Lemma |6.1| , 

lcm(o((y'), o(a;)) = p or g . (6.6.1) 

By the equation ( ^.2.11 ) and ( |6.6.1D , the order of is either p or q. If p = q, order of S*^ and 
the index of H are obviously equal to p. We now assume q > p. We consider the following 
cases: 

Case (a): H* is not unimodular. Suppose that the order of S*^ is q. By equation ( |2.2.1| ), 
q I \cm{o{g) , o{a)) . Therefore, \cm{o{g) , o{a)) = q and hence o{g) = 1 or g. Thus, the index 
of H is also q. Let G be a qth primitive root of unity. By Lemma p.l| , for each j G Zq 
there is an integer dj such that 

dim Hl^i j - dim HI- - = dj for all i E Zg . (6.6.2) 

Let Xij = mm{dimH^- j,dimH'^i j). Then, 

dimi/o« + dimi/-,,^. = 2X,, + |d,| 

and so 

E <M = E2^M + ?M.I (6-6.3) 

(a,i)GZ2XZ, iGZg 



for each j E Zg. It follows from Lemma |5.2| that 

5^2X„ + g|ci,| =p. (6.6.4) 

Since p odd, by ( |6.6.4| ), must be odd. However, the left hand side of ( |6.6.4D is then 
strictly greater than p, a contradiction! Therefore, o{S^) = p. 

Case (b): H* is unimodular. Then H** = H is not unimodular. By Theorem p.2| , H* is 
not semisimple and dim if* = pq. It follows from Case (a) that the order of S*'^ is p. Since 
o{S^) = o{S*^). Therefore, o{S^) = p. 

(ii) Let n be the index of H. Then, by ( |3.3.1j ), n \ \cm{o{g) , o{a)) and o(S"^) | n. Since 
0(5^) = p and lcm{o{g), o{a)) = p or q, we have n = p. ■ 

Lemma 6.3 Let H be a Hopf algebra over k such that both the distinguished group-like 
elements of H and H* are of order p where p is an odd prime. Then, Tr(S'^P) = p'^d for 
some integer d. 

Proof. Let g and a be the distinguished group-like elements of H and H* respectively. Let 
B be the group algebra k[g]. It follows from the arguments in the proof of ||AS98| , Theorem 
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A] that there is an Hopf algebra map tt : H — >B such that 717 = ids where 7 : B — >H is 
the inclusion map. Therefore, H isomorphic to the biproduct Rx B as Hopf algebras where 



R = H' 



coB 



{h e H\{id ® 7r)A(/i) = h®l} 



(cf. |[Rad85 |). It is shown in [ AS98 , section 4 ] that R is invariant under S"^. Moreover, in 
the identification H = R® H given by multiplication, one has 



S'^ = T®idB. 



(6.6.5) 



Since H is not unimodular, H is not semisimple and hence Tr(5'^) = 0. By equation ( H.6.5 ), 
Tr(5'^) = Tr(T)p. Therefore, Tr(T) = 0. Moreover, T^^ = idn as S''^^ = idu by equation 
( p. 2. 11) . Hence, by Lemma |2.4| , Tr(T*') = pd for some integer d. Since S"^^ = ® ids-, we 
have 

Tr(S2P) = Ti{TP)Ti{idB) = p^d. ■ 



Theorem 6.4 Let H be a non- semisimple Hopf algebra of dimension pq where p < q are 
odd primes. Then Tr(S'^^) = p'^d for some odd integer d . 



Proof. By Proposition |6.2| , S"^^ = idn- Let 

H± = {he H\S^P{h) = ±h}. 

Then, 

dimi7+ -dimi7_ = Tt{S'^p) 
and dim + dim if_ = pq . 

Since pq is odd, Tr(S'^^) is also an odd integer. Thus, if Tr(S'^^) = p'^d, then d must be an 
odd integer. Therefore, it suffices to show that Tr(S'^P) = p'^d for some integer d. Since H is 



not semisimple, by Theorem |2.2| , H* is also not semisimple. By Proposition |6.2| , the indexes 
of H and H* are both p. Since dim if is odd, by | |LK95| , Theorem 2.2], not both of H and 
H* are unimodular. We then have the following three cases: 



fi) If H is unimodular and H* is not unimodular, the result follows from Lemma |0 



(ii) If H is not unimodular and H* is unimodular, by Lemma |5.3| , Tr(S'*^^) = p'^d for some 
odd integer d. The result follows from Tr(S'*^^) = Ti{S^^). 

(iii) If both H and H* are not unimodular, by Lemma |6.1| and Proposition |6.2| , the orders 
of the distinguished group-like elements of H and H* are both equal to p. Thus, by Lemma 

Tt{s^p) = p^d. m 



As a consequence of the above theorem, we prove that any Hopf algebra of dimension 
is either a group algebra or a Taft algebra (see example p.l| (ii)). 

Theorem 6.5 Let H be a Hopf algebra over k of dimension p^ where p is any prime number. 
Then, H is isomorphic to one of the following Hopf algebras: 

(a) k[Zp2] ; 
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(b) A;[Zp X ZJ; 

(c) T{uj), uo & k a primitive pth of unity. 

Proof. If H is semisimple, it follows from |Mas96|, Theorem 2] that H isomorphic to k[Zp2 



or k[Zp X Zp]. It is also shown in | Kap75|| that if if is a non-semisimple Hopf algebra of 



dimension 4, then H isomorphic to the Taft algebra T(l) or T(— 1). We may now assume H 
is not semisimple and p is odd. Let S be the antipode of H. By Proposition |6l^ , S^^ = idu 
and so S'^p is diagonalizable and the possible eigenvalues of S'^p are ±1. Suppose S"^^ ^ idu- 
Then, Tr(S'^^) is an integer such that 

-p" < Tt{S^p) < / . 

By Theorem |6.4|, 



Tt{S^p) = p^d 

for some odd integer d. Therefore, Tr(S'^^) = —p^ and hence S"^^ = —id^- However, this is 
not possible since 5*^^(1//) = 1h- Therefore, 3"^^ = idn- By Proposition |6.2| , the order of 
is p, and so is the order 5"^. It follows from ||AS98| , Theorem A(ii)] that H is isomorphic to a 
Taft algebra of dimension p^. Hence, H = T{uj) for some primitive pth root of unity, ui E k. 
■ 
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